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Abstract. We provide new elementary proofs of the following two results: 
every complex variety is locally the graphs of a Dir-minimizing function, first 
proved by Almgren [1] ; the gradients of Dir-minimizing functions, in principle 
squarc-summable, are p-integrable for some p > 2, proved by De Lellis and the 
author [4]. In the planar case, we prove that our integrability exponents are 
optimal. 



0. Introduction 

Almgren developed the theory of Dir-minimizing multi- valued functions in his big 
regularity paper [1] as a first step toward the regularity of area-minimizing currents 
in codimension bigger than 1. Following the pioneering ideas of De Giorgi, the 
starting point was the approximation of minimal currents via harmonic functions, 
which are the minimizers of the first non-constant term in the expansion of the area 
functional: the Dirichlet energy. However, due to the unavoidable phenomenon 
of branching points as, for example, in the area-minimizing currents induced by 
complex varieties, he needed to develop the theory of Dir-minimizing Q-valucd 
functions, that are multi-valued functions minimizing a suitable Dirichlet energy 

In this paper, following the work in [3], we address two questions on Alm- 
gren's Q-valued functions: we show that complex varieties are locally graphs of 
Dir-minimizing functions and prove the higher integrability of the gradient of a 
Dir-minimizing Q-function. 

Theorem 0.1. Let fCCxC^ K. 2ai xR 2 " be an irreducible holomorphic variety 
which is a Q : 1- cover of the ball B2 C C M under the orthogonal projection. Then, 
there exists a Dir-minimizing Q -valued function f € W ' (B\, Aq{M. )) such that 
graph{f) = f n {B x x C). ' 

Theorem 0.2. There exists p = p(n, to, Q) > 2 such that, for every f2 C W 71 open 
and u e W ia {tt,A Q {W 1 )) Dir -minimizing, \Du\ € Lf oc {fl). 

Theorem 0.1 provides many examples of Dir-minimizing functions and, in par- 
ticular, shows that the Holder continuity and the estimate of the singular set of 
a Dir-minimizer proved in [1] and [3] are optimal results. Theorem 0.1 has been 
proved by Almgren in his big regularity paper [1, Theorem 2.20] using a deep and 
complicated approximation theorem of minimal currents via graphs of Lipschitz 
Q-functions (see also [4]). Here we give a more elementary proof avoiding the ap- 
proximation result by Almgren. Moreover, for the planar case we also provide an 
alternative argument which exploits the equality between the area and the energy 
of conformal maps. We hope that this approach can be extended to the study of 
regularity issues for more complicated calibrated geometries. 
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Theorem 0.2 has been first proved by De Lellis and the author in [4] in connection 
with a new higher integrability estimate for minimal currents and it plays a crucial 
role in the proof of Almgrcn's approximation theorem given there. Here, we propose 
a different "intrinsic" proof, where "intrinsic" means based only on the metric 
theory of Q-valued functions as developed in [3]. In case m = 2, we can exploit the 
fact that Dir-minimizing functions have isolated singularities (proven in [3]) to find 
the optimal integrability The optimality is indeed shown by the examples provided 
by complex varieties in the first part of the paper. 

The paper is organized as follows. In Section 1 we collect some basic results 
and definitions on Q-valued functions and the rectifiable currents supported by 
their graphs. In Section 2 we identify complex varieties as graphs of Sobolev Q- 
valued functions and prove Theorem 0.1. Finally Section 3 contains the proof of 
Theorem 0.2 which passes through a Caccioppoli and a reverse Holder inequality 
for Dir-minimizing functions. 

0.1. Acknowledgements. The author is grateful to Camillo De Lellis for many 
stimulating discussions. This research has been supported by the Forschungskrcdit 
of the University of Zurich. 

1. Q- VALUED FUNCTIONS 

In what follows, we adopt the notation and the approach introduced in [3], which 
differs from Almgren's original one. For the definitions of the metric space of Q- 
points (Aq, G), Sobolev Q-valucd function and Dirichlet energy we refer to [3]. We 
say that a function / : fl C R m — * Aq(M. u ) has a smooth local selection in fl' C fl 
if, for every iffl', there exist r > and fa : B r (x) — * W 1 smooth functions such 

that f\B r (x) = YhLi I/il- Notc tnat > m tnis case ' \Df\ 2 = J2i \Dfi\ 2 is well defined 
on the whole fl' . We observe the following simple consequence of the definition, 
which for reader's convenience we state as a lemma. 

Lemma 1.1. Let / : fi C R m — > Aq have a smooth local selection in fl' C fl. If 
dim n (Q \ fl') < m- 2 and J (V \Df\ 2 < +oo, then f belongs to W l ' 2 {fl,A Q ). 

Proof. The proof follows from the characterization of classical Sobolev functions 
via the slice property. Indeed, for every T G Aq, the function x t— > G{f{x),T) 
is smooth and satisfies \D(Q(f(-),T))\ < \Df\ in fl' (cp. to [3, Proposition 2.17]). 
Therefore, since the projection of fl \ fl' on each coordinate hyperplane is a set 
of TL m ~ l measure zero, for 7i m_1 -a.e. line I parallel to the axes, the restriction 
of G(f(-),T) to / belongs to IF 1 ' 2 . Recalling [5, Section 4.9.2], it follows that 
G(f("),T) e W 1 ' 2 ^) with !£>(£(/(•), T))| < \Df\ a.e. in fl. Hence, by the definition 
of Sobolev Q-functions [3, Definition 0.5], we conclude. □ 

We will need also a technical result about the lower semicontinuity of the LP 
norm of the gradient under weak convergence. Although this is a special case of 
the result in [2], we include here an elementary proof for the sake of completeness. 

Lemma 1.2 (Semicontinuity). Let fk, f G W 1,p (fl, Aq), p < oo, be such that 
lim fc J Q G(f k , fY = and sup fc J Q \Df k \P < oo. Then, 

[ |£»/| p <Hminf f \Df k \?. (1.1) 
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Proof. The proof of this result is very similar to the proof of the semicontinuity for 
the Dirichlet energy given in [3, Section 2.3.2]. Let {T;}; 6 n be any dense subset of 
Aq and recall that by [3, Proposition 4.2] \Df\ is the monotone limit of Hm with 

By the Monotone Convergence Theorem, J \Df\ p = sup N J hP N . Therefore, denot- 
ing by "Path, the collections P = {-Br}r={! 1 ,...,i m }ejv m °f N m disjoint open subsets of 
ft, as in [3] we conclude that 



/ |D/P>=sup/ ^ = sup sup I \ Y,( d MLT h )Y 



(1.2) 



It follows easily from the hypotheses that, for every I = . . . , l m } and every open 
set Ei, the vector-valued maps {d\Q{fk,Ti 1 ), . . . , d m .G(fk, Ti m )) converge weakly in 
L p (Ej) to (diG(f, TjjJ, . . . , d m Q (f, 7j TO )). Hence, by the semicontinuity of the norm, 

Summing in Ei £ P, in view of (1.2), we achieve (1.1). □ 

The main regularity results for Dir-minimizing Q-valued functions are collected 
in the following theorem (see [3, Theorems 0.9 and 0.11]). In order to state them, 
we recall the definition of regular and singular points. 

Definition 1.3. A Q- valued function / is regular at a point x £ ft if there exist a 
neighborhood U of x and Q analytic functions R" such that f\jj = J^. [/j] 

and either fi(y) ^ fj(y) f° r every y € U or /j = fj. The singular set of / is the 
complement of the set of regular points. 

Theorem 1.4. For every Dir -minimizing f € W 1,2 (fl, Aq) the following holds: 

(i) there exists a = a(m,Q) > (a(2, Q) = 1/Q) such that f G C°- a (n') for 
every £1' CC £1 and 

Dir(f,B r (x))<(-\ Dir(/,B p (x)), V r < p with B p {x) C ft; (1.3) 

(ii) the Hausdorff dimension o/S/ is at most m— 2 and, ifm=2, £/ consists 
of isolated points. 

1.1. Push-forward of currents under Q-functions. We define now the integer 
rectifiable current associated to the graph of a Q- valued function. 
_ Given a Q-valued function / : M m -► A Q (R n ), we set / = ^ {(x, fi(x))j, 
f : R m -> A Q (W n+n ). If R e ^ fc (M m ) is a rectifiable current associated to a 
fc-rectifiable set M with multiplicity 9, R = t(M, 0, £), where £ is a borel simple 
fc- vector field orienting M (we use the notation in [8]), and if / is a proper Lipschitz 
Q-valued function, we can define the push-forward of T under / as follows. 



4 



E. N. SPADARO 



f (x,f j , l (x))=k j , l 6(x) and T f {x, fa i(x)) = '/'^J, Vxe£, 



Definition 1.5. Given R = r(M,0,£) £ fe (R ro ) and / G Lip(M m , _4 Q (R™)) as 
above, we denote by Tf t n the current in R m+ ™ defined by 

(T JtR ,u)= f ey^(Loof l ,D M f l# ^)dH k V,e#(i ra+I1 ), (1.4) 
Jm t 

where J2i \D M /i(x)] is the differential of / restricted to M. 

Remark 1.6. Note that, by Rademacher's theorem [3, Theorem 1.13] the derivative 
of a Lipschitz Q-function is defined a.e. on smooth manifolds and, hence, also on 
rcctifiable sets. 

As a simple consequence of the Lipschitz decomposition in [3, Proposition 1.6], 
there exist {Ej}j^ closed subsets of f2, positive integers kjj, Lj £ N and Lipschitz 
functions fjj : Ej — > M", for I = 1, . . . , Lj, such that 

H k (M \ UjEj) = and f\ Ej = £ k j}l [/,-,] . (1.5) 

l=i 

From the definition, Tf t n = Ylj ikj,ifj,i#(R\-Ej) is a sum of rcctifiable currents 
defined by the push-forward under single-valued Lipschitz functions. Therefore, it 
follows that Tf t R is rectifiable and coincides with r(/(M), Of, TA , where 

D M fai*^) 
\D M fai^{x)\ 

By the standard area formula, using the above decomposition of 2/ h, we get an 
explicit expression for the mass of T^r: 

M(T fiR )=f \0\ V Jdet (DMfi ■ (DMf z ) T ) dH k . (1.6) 
Jm 

With a slight abuse of notation, when R = Jf2] £ 2l m (W" 1 ) is given by the 
integration over a Lipschitz domain f2 C M m of the standard m-vector e — e\ h 
• • ■ A e m , we write simply Tf t Q for Tf t R. The same we do for T/.ao, understanding 
that <9f2 is oriented as the boundary of [f2] . The main result for what concerns the 
push-forward under Q-valued functions is given in the following theorem proven in 
[4, Theorem C.3]. 

Theorem 1.7. For every Q Lipschitz domain and f £ Lip(r2,^g), dTf^ = Tf.dfi- 

Up to now we have defined the push-forward under Lipschitz maps. Nevertheless, 
thanks to the approximate differentiability property of Sobolev Q-functions (see [3, 
Corollary 2.7]), for full dimensional current R = Jf2], the definition of T^n in (1.4) 
makes sense for Sobolev functions as soon as the action is finite for every differential 
form oj £ < 3 m {W n+n \ It is easy to verify that this condition is satisfied if 

M(2>,nJ = jf \/ dct (D M fi ■ (D M h) T ) < +oo. 

For such functions, we have the following Taylor expansion of the mass of T/^. 
Lemma 1.8. Let f £ W 1 ' 2 (Q,A Q ) such that M (T^n) < +oo. Then, 

A 2 

M (T\f,n) = Q\fl\ + — Dir(/, O) + o (A 2 ) as A -> 0. (1.7) 



COMPLEX VARIETIES AND HIGHER INTEGRABILITY 5 

Proof. For every A > 0, set A x = {\Df \ < X~^} an d B x = {\Df\ > X~i}. Since 
/ £ W 1,2 (Q,Aq), for A 0, we have that 

Dir(A /, 0) = Dir(A /, A\) + X 2 f \Df\ 2 = Dir(A /, A x ) + o (A 2 ) . (1.8) 

Jb x 

Using the inequality \/l + x 2 > 1 + ^- — ^- for |x| < 2, since A \Df\ < \/X in A\, 
for A < 4 we infer that 

M (T\/,n) >E/ 2 v/l + A^AM 2 > Q |-Bx| + ^ (l + - C A 4 |A/f) 

>Q|tt| + ^Dir(/,A A )- / C*A 3 |£/| 2 

{1 = } Q\n\ + ^Dh(f,n) + o{\ 2 ). (i.9) 

For what concerns the reversed inequality, we argue as follows. In A x , since for 
every multi index a with |a| > 2 we have 

A 2|a|| M a|2 < (J A 2|a| |2|a| < CA 3 |D/ 2 | 2 , 



we use the inequality vT + a? < 1 + ^- and get 

i A\ 

= Q\A x \ + ^Dir(f,A x )+o(X 2 ). (1.10) 

In instead, we use the same inequality and the condition M(Tj n) < +oo to 
infer 

M(T a/ , Ba )<W y/l + \*\Df i \* + JJ2 VMMtf 

i Jb * y |a|>2 

<Q\ Bx \ + ^Dir(f,B x )+J2 f A 2 Mf 

i JB >- \j\a\>2 

(1 < Q \B X \ + o(X 2 ) + A 2 M(T />Bx ) - Q \B X \ + o (A 2 ) . (1.11) 
From (1.9), (1.10) and (1.11), the proof follows. □ 

2. Complex varieties and D It-minimizing functions 

2.1. Complex varieties as minimal currents. In the following we consider ir- 
reducible holomorphic varieties "V C C i+l/ of dimension \i. Following Federer [6], 
we associate to "V the integer rectifiablc current of real dimension 2/i denoted by 
\V\ given by the integration over the manifold part of % ag . Recall that the 
singular part ~f s ing = 'f \ %-eg is a complex variety of dimension at most (/i — 1 ) . 
A well-known result by Federer asserts that \f\ is a mass-minimizing cycle. 

Theorem 2.1. Let "V be an irreducible holomorphic variety. Then, the integer 
rectifiable current \~f\ has locally finite mass and is a locally mass-minimizing cycle, 
that means d \Y\ = and M^y 7 ]) < M(S') for every integer current S with dS = 
and supp (S — compact. 
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We consider domains CI C R 2 ' 1 ~ C M with the usual identification (xi,yi) ~ zi = 
(xi + iyi) for I = 1, . . . , fj,. Moreover, V C Cl x M 2 " C R 2 ^+2" ~ c^ +l/ is always 
supposed to be a Q : 1-covcr of under the orthogonal projection 7r onto fi, that 
is tt # [rj = Q[Q|. 

Clearly, under this hypothesis, there exists a Q-valued function / : f2 — > *4Q(M 2ly ) 
such that ^ = graph(f). From Definition 1.3, we readily deduce £/ C 7r(^i ng ), 
which in particular implies dim^(S/) < 2/x— 2. Therefore, locally in f2\£/ x R 2l/ , ^ 
is the superposition of graphs of holomorphic functions, that is, for every w € f2\E/, 
there exist a radius r and Q holomorphic functions fi : B r (w) —* C such that 
= Si [/*]• The following are the main properties of /. 

Proposition 2.2. Let ~f C fi x M 2l/ fee a holomorphic variety as above and f the 
associated Q-valued function. Then, the following holds: 

(i) /er> J (!l,Aj) and, for ii=l, M{{Y\ Lfi) = Q + 

(m) ]Lfi = T/, n and 9(If]LB r (x)) = T fMBr(x) for every x and a.e. r > 
toif/i B r {x) C 0. 

Proof. Note that, for every smooth /i : K 2 — ► IR 2l/ and, as usual, /i(«;) = h(w)), 



2 



det(m-.D/i T ) < 1 + ^-, (2.1) 

with equality if and only if /i is conformal, i.e. = \d y h\ and c^/i • d y h = 0. 

Indeed, (2.1) reads as 

l + \d x h\ d x h-d v h\^(^ , |9 x /i| 2 + |a s h| 2 N 



det(^.D^)=det^ x -.- |<|1 

which in turn is equivalent to < (\d x h\ 2 — \d y h\ 2 ) 2 + A{d x h ■ d y h) 2 . 

In the case \i = 1, applying (2.1) to the local holomorphic, hence conformal, 
selection of /, from (1.6) we get 

M{\n L(» \ s/)) = Q + Dlr(/ ' ^ S/) ■ (2.2) 

In the case /j, > 1 and g : IR 2 ^ — > M 2 " smooth, (2.1) together with Binet-Cauchy's 
formula (see [5, Section 3.2 Theorem 4]), for every I = 1, • • • , fj,, we infer 

det (Dfl ■ Z?s T ) = 1 + \Dg\ 2 + ]T M aP (Dgj 2 

H=|/3|>2 

2w 

> 1 + |9^ 5 | 2 + |^ iff | 2 + J2 @* l 9%9 i ~ '>, !/■'>, !t' r 

i,J=l 

= det (V,3 • V ; .g T ) , (2.3) 

where M a p stands for the a, (3 minors of a matrix and V; denotes the derivative with 
respect to xi and yi. Hence, if fi is a local holomorphic, consequently conformal, 
selection for / : fi C M 2 ^ — > .Aq, we infer that 

i=i ;=i \ ' i=i i=i 

(2-3) ® 



i=l 



< M > J det (Dfi ■ Dft 
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Integrating, we conclude, for /j, > 1, 



M([rjL(0\E / ))>Q + 



Dir(/,»\£ / ) 
2[i 



(2.4) 



Now since the mass of \Y\ is finite, by (2.2) and (2.4) the energy of / is finite in 
\ E/. Being dim-^E/) < m — 2, Lemma 1.1 gives (i). 

Being defined by the integration over % og and H m (7r('^i n g)) = 0, it follows 
straightforwardly that TfQ is well-defined by (1.4) and coincides with [^J. For the 
same reason, since also 'H m ~ 1 (n(i / S i ng )) = 0, 9(["f]LB r (x)) = Tf_Q Br ( x < ) for every 
B r (x) C fi such that /| 9i3r(2; ) G W 12 and M(d([r] LB r (x))) is finite, that is for 
every x and a.e. r > 0, thus concluding the proof of (ii). □ 

2.2. Proof of Theorem 0.1. Now we are ready to prove the first main result of 
the paper. We divide the proof in two parts: in the first one we give an argument 
for the planar case which is particularly simple and exploits the equality between 
the area and the energy functional; in the second part we give a proof valid in 
every dimension. 

2.2.1. Planar case /x = 1. In view of Proposition 2.2, we need only to show that / 
is Dir- minimizing in B\. Choose a radius r G [1,2] such that dB r n E/ = and set 
.9 = f\dB r - Note that g is Lipschitz continuous. For every h G Lip(i3 r , Aq) with 
h\dB r = 9, from the Taylor expansion of the mass and from (2.1), we infer that 



By Theorem 1.7, dT h , Br = T f . QBj . = d(lY}LB r ). So, using Theorem 2.1 we infer 
Dir(/, B r ) ( = } 2 (M(T /jBr ) - Q) < 2 (M(T h . Br ) - Q) < Dir(fc, B r ). 



Since the set of Lipschitz functions with trace g is dense in Wg' 2 (B r , Aq) (see [3, 
Section 14]), this implies that / is Dir- minimizing in B r and, a fortiori, in B\. □ 

Remark 2.3. The planar result provides examples of Dir- minimizing functions 
with singular set of dimension m — 2 for every m, thus proving the optimality of 
the regularity Theorem 1.4. Indeed, if g : B\ C K 2 — > Aq is Dir-minimizing and 
E g 7^ 0, then / : B\ X R m_2 — > with /(xi, X2, . . . , x m ) = g(.Ti, x 2 ) is also 
Dir-minimizing (sec [3, Lemma 3.24]) and dim-^(E^) = m — 2. 

2.2.2. General case fj, > 1. Here we exploit the expansion of the mass given in 
Lemma 1.8. The reason why this can be done without the strong approximation 
theory developed by Almgren in [1] and reproved with different methods in [4] 
is that, given as above a complex variety which is the graph of a multi- valued 
function, the rescaled current L># [^] = T\f, where L\ : 1+,y — ► < C^ +V is given 
by L\{x,y) = (x,Xy), is also a complex variety (being the L\'s linear complex 
maps), and, hence, it is also area- minimizing. 

The proof is by contradiction. Assume / is not Dir-minimizing in B\. Then, 
there exists u G W 1 ' 2 {B\,Aq) and n > such that Dir(w, B\) < Dir(/, B\) — r] and 
u\dB 1 = f\dBi- Set 



M(T hiBr )-Q< 



Dir(h,B r ) 
2 



(2.5) 




8 



E. N. SPADARO 



We want to use w in order to construct competitor currents for L\# To 
this aim, consider for every e > the Lipschitz approximations w e given by (see [3, 
Proposition 4.4]). It enjoys the following properties: 

(a) \E e \ = o (e 2 ) as e — ► 0, where E e = {w e ^ u>}; 

(b) Lip(u; e ) < e- 1 ; 

(c) \\\Dw e \-\Dw\\\ L3 =o(l)ase->0. 

By Proposition 2.2 and Lemma 1.8. for every open A such that E e C A and 
\A\<2\E £ \, 

M(L A# (ir]L(-B £ xM 2 -))) =M(T A/iB .) <M(T XfA ) 

( = ' + Y jf l^/l 2 + o (A 2 ) = o (e 2 ) + O (A 2 ) . 

Using Fubini's theorem and again Proposition 2.2, we can find radii r Aj£ such that 

\E £ ndB rxE \ =o(e 2 ), (2.6) 

d(L x# m^B r ) -T A/i9Br and M {T XJ , Ec ndB r ) = o (e 2 ) + O (A 2 ) . (2.7) 
Set S\ e = T\f^QB rx —T\ Wei QB rx ■ Note that, by Theorem 1.7, being w e Lipschitz, 

dSxe = dT Xf , dBrx E - dT Xwe ,dB rxe ( = 7) dd(L x# [y]LB r ) = 0. 

Moreover, since Lip(Aiu e ) < Ae _1 and T X fg Brx \E e = T Xwc QB rx \e c i the mass of 
Sa £ can be estimated in the following way: 

M(S Ae ) = M(T A/iB .n8fl PAi J +M(T At0 . iB ,naB f . Ai J 

(2-7) A I E I ( 2 - 6 ) 

< ( £ 2 )+0(A 2 )+C^^ < o(e 2 )+0(A 2 )+ (Ae). (2.8) 

For e = A, M(5 AA ) = O (A 2 ) and, by the isoperimetric inequality [8, Theorem 
30.1], there exists an integer rectifiable current R x such that 

9R\ = S\ x and M (R\) < M (S x x)"^ 1 = o (A 2 ) . (2.9) 

The current T A = Tx Wx ,B rx + -^a contradicts now the minimality of the complex 
current L x ^{\Y\\_B rx ). Indeed, it is easy to verify that dT x = d(L x# l'fjLB rx ) 
and, for small A, 

M(T x )-M(L x# m\-(B rx xl 2 ")) =Q|B rx | + yDir(«;x,Brx)+ 

-Q|S rA |-yDir(/,B r J + o(A 2 ) 
<-^ + o (A 2 )<0. 

□ 

3. Higher integrability of the gradients of D It-minimizing functions 

In this section we prove Theorem 0.2. As above, for the planar case we give a 
simple proof which in addition provides the optimal integrability exponent. This 
proof relics on the following proposition, because by Theorem 1.4 the singular points 
are isolated in dimension two. 



COMPLEX VARIETIES AND HIGHER INTEGRABILITY 



9 



Proposition 3.1. Let u G W 12 (B2,Aq) be Dir -minimizing and assume that S u = 
{0}. Then, \Du\ G L p (Bi) for every p < 

Proof. Let x G B\ \ {0} and set r = \x\. Then, by £„ = {0}, in B r {x) there exists 
an analytic selection of u, u\B r ( x ) — Yli wncr c u% : B r (x) — > K™ are harmonic 
functions. Using the mean value inequality for Dui, one infers that 

\D Ui {x)\ < / \Dm\ < -L- ( f \DuiA , 
JB r (x) V^r \JbAx) J 

from which 

|ZM^£l^(*)| 2 < / l^ll = Dir( "'g r(x)) - (3-1) 

V Kr 2 ^J Br{x) nr 2 

Using the decay estimate (1.3) with p = 1 together with (3.1), we deduce that 

DirQvgg) 

which in turn implies the conclusion, 

/ \Du\p<c( -A_ <+00j Vp<-^-. 

J Bl J Bl \x\ p -% Q-i 

□ 

Remark 3.2. The range [2, 2 Q(Q — 1) _1 ) for the integrability exponent is optimal. 
Consider, indeed, the complex variety — {(z,w) : = z} C C 2 . By Theorem 
0.1, the Q-valued function u(z) = ^ q [to] is Dir-minimizing in i?2. Moreover, 

\Du\(z) = Q \z\G~ 1 . Hence, \Du\ G L p for every p < and \Du\ £ . 

Now we pass to the proof of Theorem 0.2 for m > 3. The first step is a Cacciop- 
poli's inequality for Dir-minimizing functions. For P G R", we denote by rp the 
following map: r P : A Q (R n ) -► A Q (R n ), 

T P (T):=J2m-P}, for every T = £ [T,J . 

Lemma 3.3 (Caccioppoli's inequality). Let u G W 1,2 (f2, ^4q) oe Dir -minimizing. 
Then, for every P G R™ and every r] G C£°(f2), 

/ 1^1 V< / |t p u| 3 \D V \ 2 . (3.2) 

In particular, in the case ft = B^r, 

[ \Du\ 2 <^[ \r P u\ 2 . (3.3) 

T 

Proof. Recall the outer variation [3, Proposition 3.1] for Dir-minimizing functions, 
= JY, {Dfi{x) : D x ^(x,fi(x))) dx + J J2 (Dfi(x) : D y 1>(x, fi(x))-Dfi(x)) dx, 
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and apply it to ip(x,y) = rj(x) 2 (y — P), where P and 77 are as in the statement. 
Since D x ifj(x, y) = 2-q(x) D-q(x) g) (y — P) and D y ip(x, y) = r](x) 2 Id„, this leads to 

0=f 1 T(Du i {x):2r}Dr 1 ®{u i -P))+ f V (D Ui (x) : V 2 Du, t (x)). (3.4) 
it! j Jn t 

Applying Holder's inequality in (3.4), we conclude (3.2): 

f ?? 2 |^| 2 = -^ / (D Ui -( Ui -P),riDr,)< f V \D Ui \ \m - P\ \ V \ \Dr,\ 
Jn i Jn Jn i 



The last conclusion of the lemma follows from (3.2) choosing r\ = 1 in B 3r / 2 and 
\D V \ < 2. □ 

The following reverse Holder inequality is the basic estimate for the higher inte- 
grability. 

Proposition 3.4. Let < s < 2. Then, there exists C > such that, for every 
u : — » Aq Dir -minimizing, x € f2 cmc? r < min {l, dist(cc, dQ)/2} , 

\Du\ 2 ) <CU \DuA . (3.5) 

B r {x) ) \JB 2r (x) J 

Proof. The proof is divided into two steps. 

Step 1: we assume that u has average 0, r\ o u = ^~"q Uz = 0. 

The proof is by induction on the number of values Q. The basic step Q = 1 is 
clear: indeed, in this case r/o u = u = 0. Now, we assume that (3.5) holds for every 
Q' < Q and, by contradiction, it does not hold for Q. 

Then, up to translations and dilations of the domain, there exists a sequence 
(ui)i C W 1,2 (B4,Aq) of Dir-minimizing functions such that r\ o ui = and 



\Du t \ s ) <^- 7 '—. (3.6) 



Moreover, without loss of generality, we may also assume that J B ^ \ui\ 2 = 1. Using 
Caccioppoli's inequality (3.3), we have that Dir(it;, B3) < 4, which in turn, by (3.6), 
implies 

\\S(u h QlO})\\w^ {Bi) <C<+oo. 

Since s* > 2, we can apply the compact Sobolev embedding (see [3, Proposition 
2.11]) to deduce that there exists a subsequence (not relabeled) ui converging to 
some u in L 2 (B^). From (3.6) and Lemma 1.2, we deduce that 

M 2 = 1 and / \Du\ s = 0, (3.7) 

Bi JBa 
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which implies that u is constant, u = T £ Aq. Since by Theorem 1.4 the ui'a 
are equi-bounded and equi-Holder in B2, always up to a subsequence (again not 
relabeled), the u[s converge uniformly to T in Bi- This implies, in particular, that 

rjoT = lim t] o u t = 0. (3.8) 

I — >-foo 

From (3.7) and (3.8), one infers that T is not a point of multiplicity Q. Therefore, 
since ui — * T uniformly in B2, for I large enough the u n 's must split in the sum 
of two Dir- minimizing functions ui = [u;] + [ioj], where the w;'s are Qi-valued 
functions and the wi's are Q2-valued, with Q\, Q2 positive and Q\ + Q2 = Q- 
Applying now the inductive hypothesis to vi and u>i we contradict (3.6) for / large 
enough, 

l^l 2 ) < [i l^l 2 ) + ( / l^l 2 ) 

Blips) ) \JB x ix) j \JBiix) J 

<C[-f \D Vl \ s ) +C\-f \D Wl \ s ) 

\Jb 2 (x) I \Jb 2 (x) J 



<2C[/ \Dm\ 

\JB 2 (x) 



Step 2: generic Dir -minimizing function u. 

Let u be Dir-minimizing and vp = r\ o u: then, by [3, Lemma 3.23], <p : f2 — ► R™ 
is harmonic and Dp = J^. Du^, from which 

\D<p\ 2 <Qj2\D Ui \ 2 = Q\Du\ 2 . (3.9) 

Moreover, again by [3, Lemma 3.23], the Q- valued function v — J^. Jiti — y>] is 
Dir-minimizing as well. Note that 

\Du\ 2 < 2\Dv\ 2 + 2Q\Dip\ 2 and \Dv\ 2 < 2 \Du\ 2 + 2Q \Dp\ 2 . (3.10) 



Using the inequality y^2j a j < \f°~j f° r positive Oj, we deduce 

(7 l^l 2 ) < ( / 2|^| 2 + 2g|^| 2 ] 

<2[i \Dv\ 2 ) +2Q(/ l^l 2 ) . (3.11) 

\JB r {x) J \JB T (x) J 

For the first term in the right hand side of (3.11), we use Step 1, since rj o v = 0, 
to get 



\Dv\ 2 } <C\-f \Dv\ s ) (3 < 0) C(/ (2\Du\ 2 + 2Q\Dpf 

B r (x) I \JB 2r (x) J \JB 2r (x) 



<C[-f 2\Du\ s + 2Q\Dp\ s ) {3 <C[-f \Du\ 

\JB 2r (x) J \JB 2r (x) 



(3.12) 
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For the remaining term in (3.11), we use the standard estimate for harmonic func- 
tions, 

\D<p[x)\ < £L ||D^|| il(B2r) Vie B r , (3.13) 

and infer 




< C\f \D 9 \* ] < C | f \Du\ s ] . (3.14) 

\JB 2r (x) 

Clearly, (3.11), (3.12) and (3.14) finish the proof. □ 

The proof of Theorem 0.2 is now an easy consequence of the following reverse 
Holder inequality with increasing supports proved by Giaquinta and Modica in [7, 
Proposition 5.1]. 

Theorem 3.5 (Reversed Holder inequality). Let C M. m be open and g £ L q oc (il), 
with q > 1 and g > 0. Assume that there exist positive constants b and R such that 

[i g q ) <bi g, V x £ Q, V r < min {R, dist(x, 90)/2}. (3.15) 

\JB r (x) J JB 2r {x) 

Then, there exist p = p(q, b) > q and c = c(m, q, b) such that g £ Lf oc (Tl) and 
[1 g p \ <c(/ g q ) , Vi £ il, Vr < min {i?, dist(a;, <9Q)/2}. 

\JB r (x) J \JB 2r (x) J 

Proof of Theorem 0.2. Consider the function g = \Du\ s , where s < 2 is the expo- 
nent in Proposition 3.4. Estimate (3.5) implies that hypothesis (3.15) of Theorem 
3.5 is satisfied with q = - > 1. Hence, there exists an exponent p' > q, such that g 

belongs to Lf' oc (n), i.e. \Du\ £ Lf oc (0) for p = p' ■ s > 2. □ 
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